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Sextets in P1: The Joint Probability Distribution of Thirty-One Structure Factors
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It is assumed that a crystal structure in P1 is fixed and that the random variables (vectors) h, k, I, m, n, p
are uniformly and independently distributed over the subset of reciprocal space defined by h+k+1+
m+n+p=0. Then the 31 structure factors Ey, Ey,...,Ep; Ensw Ens1roosEntps Ensk+ts Entx+mse-osEntntpr
as functions of the primitive random variables h, k, I, m, n, p, are themselves random variables, and their
joint probability distribution is found. This distribution plays the central role in the theory and estimation
of the six-phase structure invariant @, + @i+ @1+ @ + Pu+ @,

1. Introduction

Recent methods and results (Hauptman, 1975, 1976,
1977; Fortier & Hauptman, 1977) are here carried over
without essential change to initiate the study of sex-
tets, the six-phase structure invariants

¢=¢h+¢k+¢l+¢m+¢n+§op’ (11)
where
h+k+1+m+n+p=0. (1.2)

In analogy with this earlier work one defines the first
neighborhood of ¢ to consist of the six magnitudes

|Eb, [Ex, |El, |Eml, |Enl, || - (1.3)

The second neighborhood consists of the six magni-
tudes (1.3) and the 25 additional magnitudes

lEh+k|9 IEh+Ila |Eh+m|9 IEh+n|a |Eh+p|s
|Ek+l|, lEk+m|, |Ek+n|’ IEk+p|a |E1+m|a

|Ev+al |Ev+ply |[Em+nl, [Em+pl [Enspls  (1.4)
|Eh+k+l|’ IEh+k+m|’ IEh+k+n!a |Eh+k+pl’
|Eb+1+ml |En+1+nb [En+14pl [En+me+al,
|En+wm+pl [En+npl - (1.5)
In view of (1.2),
|Ex+1+m|=|En+n+pl (1.6)

etc. so that nothing is gained by adjoining the addi-
tional ten magnitudes |Ey +1+mls |[Ex+14al, ... to the sec-
ond neighborhood.

The following usual definition is made

N
a3 15
j=1

where N is the number of atoms, not necessarily
identical, in the unit cell, and f; is the zero-angle
atomic structure factor. In the X-ray diffraction case
the f; are equal to the atomic numbers Z; and are
therefore all positive; in the neutron diffraction case
some of the f; may be negative.

1.7

2. The probabilistic background

It is assumed that a crystal structure consisting of N
atoms per unit cell in P1 is fixed. The sixfold Cartesian
product Wx W x W x W x W x W of reciprocal space
W consists of all ordered sextuples (h, k, I, m, n, p) of
reciprocal vectors h, k, 1, m, n, p. Suppose that the
ordered sextuple (h, k, I, m, n, p) is a random variable
(vector) which is uniformly distributed over the subset
of WxWxWxWxWxW defined by

h+k+l+m+n+p=0. 2.1)
Then the 31 structure factors
Ey, Ey, E\, E\, E, E, ; (2.2)
Eniw Ensyy oons En+p; (2.3)
Epiket Envkems oo Eyinips (2.4)

whose magnitudes (1.3)1.5) constitute the second
neighborhood of ¢, are functions of the primitive
random variable (h, k, 1, m, n, p) and are therefore
themselves random variables. Denote by

P3;=P(Ry, ..., Rg; Ry2, Ry3, ..., Rse;
Ry23, Ryz4s -y Rys6;
Dy, s P Dy, Pys, ...y D
D123, P24 s Pise) (2:5)

the joint probability distribution of the magnitudes
|Enl, ... and phases ¢y, ... of the 31 structure factors
(2.2)H2.4). The major result of this paper is the deriva-
tion of P3,, described next.

3. The joint probability distribution of the 31 structure
factors (2.2)—(2.4)

Use the notation and terminology described in §§1
and 2 and refer to earlier work (Hauptman, 1975, 1976;
Fortier & Hauptman, 1977) to infer that P5,, correct
up to and including terms of order 1/N?, is an ex-
ponential function whose argument is a linear com-
bination of all three-phase, four-phase, five-phase and
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six-phase cosine invariants which can be constructed
from the 31 phase variables @, ..., @,5¢, With coef-
ficients which are polynomials in the 31 R’s, Ry, ...,
R,56. Furthermore, this earlier work establishes the
pattern of results two typical examples of which are
described in some detail in the Appendix for the pre-
sent case. Complete details are described in a Technical
Report of the Medical Foundation of Buffalo which
is available from the authors. Only those terms are
written down here which are needed to derive the con-
ditional distribution of ¢ described in the accompany-
ing paper (Hauptman & Fortier, 1977). Thus P5, the
major result of this paper, is given by

R1R2...R156

P31= 7'[31 exp{—-R%—R%-—...—R%“}

xexp{% [125: RyR3Ry; cos (@, + P, — Dy,)
+§ RiR;3R ;3¢08 (@1 + Py3—Py53)
+§ R4Rs6R 33 cos (Pu+Psg+ P 23)
+125 R{3R34Rs56¢c0s (D15 + P34+ Ps)]

2362 —
_ 2395=9294) [ R R,RR, 1
g3 10

X COS (¢1 +¢2+¢3—¢123)
4+ R4RsRsR ;33 ¢08 (Py+Ps+ P+ Py 53)
10

21503 —100,030,+ 0305
+ O_g/z

) ; R1R2R3R4R56

XCOS (D1 + P+ D3+ Dy + Dsg)

- 15(105"%— 1056,030,
o2
+ 150‘%0’30’5 + 100'%0"2;—0'%0'6)R1R2R3R4R5R6

X COS (¢1+¢2+¢3+¢4+¢5 +¢6)}

o3}

where O(1/N) consists of those terms of order 1/N
or higher which affect only terms of order higher than
1/N? in the conditional distribution of ¢, given the
31 magnitudes of the second neighborhood, to be
derived in the accompanying paper (Hauptman &
Fortier, 1977). In (3.1)

(3.1)

ZRIRZRIZ COS (¢1+¢2—¢12), (32)
15
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for example, is an abbreviation for the sum of the 15
terms

R{RyR 15 cos (P, +P,—Dy5)

+R1R3R13 COoS (¢1+¢2—¢13)+ (3.3)
obtained by using all similar combinations of the six
numbers 1, ..., 6 represented by the single term ex-
hibited in (3.2), etc.

As shown in the accompanying paper, (3.1) leads
to the conditional probability distribution of the sextet
@, given the 31 magnitudes (1.3}{1.5) in its second
neighborhood.

4. Concluding remarks

Joint probability distributions of three, seven, fifteen
and thirty-one structure factors are now known. They
constitute the foundation on which the probabilistic
theories of the three, four, five and six-phase structure
invariants are built. Now that the pattern of these
distributions is established, it is feasible, but still time
consuming to write down the analogous distributions
in 63, 127, ... structure factors, and these lead in turn
to conditional distributions of the seven and eight-
phase structure invariants, etc. In view of the applica-
tions which have already been made, it is clear that
the quartets, and almost certainly the quintets and
sextets as well, will have an important role to play in
procedures of phase determination. It is too soon to
say whether the higher invariants will be equally useful
in the applications.

This research was supported by Ministére de 'Edu-
cation, Gouvernement du Québec, DHEW Grant No.
RR05716 and HL15378 and NSF Grant No. MPS73-
04992.

APPENDIX
Construction of (3.1)

A description of the recipe used to derive two repre-
sentative terms in (3.1) is given.

I.1. The coefficient of cos (®;+ P+ P3—P;,3)

The order is 1/N so that the coefficient is composed
of two parts, 6,/0% and —o3/03, each of order 1/N.
Associated with the term o,/0% (the numerator of
which is the single o,) is the quartet @,+ P, + P;
—®,,; itself so that 6,/03 is simply multiplied by two.
Associated with the term —o3/o3 (the numerator of
which is the product of two ¢3’s) are the three ways
of combining two triples to obtain the quartet @, + &,
+@3—Pyy3:

D1+ Pr3—Pi23

1.1
D, +P; —Dys ’ @D
Dy +P3—Pyy3

1.2
D1+P; —Dyy ’ 12
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D3+ Py, —Dyy3 } 13)

D, +P, -9y,

the sum of the two triples in each pair, (I.1)~1.3), being
equal to the quartet ®, +P,+P3—P,,3. Hence the
term —o3/03 is multlplled by 3x2=6. Addition of
the two terms 204/02 and —6¢3/03 gives the coefficient
—2(30'3 0'20'4)/0'2 of R R2R3R123 Cos (¢1+¢2+¢3
— &, ,3)shown in (3.1), and the coefficient R;R,R3R ;3
corresponding to @, + P, + @3 — P, ,3, is self-explana-
tory.

1.2. The coefficient of cos (P + P, + D3+ Py+ Pse)

The order is 1/N3?2 so that the coefficient is com-
posed of three parts, 05s/63/%, —030,/0%/% and 63/,
each of order 1/N32, Associated with the term ¢5/53/%
(the numerator of Wthh is the single o) is the quintet
D, + D, + D3+ Dy + D itself so that ¢5/63/2 is simply
multiplied by two. Associated with the term —o30,/

63'? (the numerator of which consists of one o3 and
one o4) are the ten ways of combining a triple and a
quartet to obtain the quintet ¢, + P, + P53+ P, + P

D, +D,+P3—Dyy3

s 1.4
Dy+Pse+ P23 @4
D+ Psg— D156 ’ '
D +D,—D,, (1L6)
D3+ Py + D1+ Ps6 |’ ’
D3+ D, — D3, 1.7
D+ P+ D3+ Ps6 |’ ’

the sum of the two invariants in each pair, (I.4)~(1.7),
being equal to the quintet D1+ P, + D3+ D+ Pse.
Hence the term —o30,/0/% is multlghed by 10x2=
20. Associated with the term 63/03'% (the numerator
of which consists of three ¢3’s) are the 15 ways of
combining three triples to obtain the quintet &, + &,
+O3+ Pyt s

THE JOINT PROBABILITY DISTRIBUTION OF THIRTY-ONE STRUCTURE FACTORS

S, +P,-9,,
DP3+P1,— D3 |
D+ D123+ Pse

(1.8)

D3+ P, — D3y
D+ Pay+Pise | »
D, — P56+ Pse

(1.9)

O,+P,— Py,
D3+ Dy— D3y s
@12+ P3s+Psg

(1.10)

D, +P3—PDy3
D+ Dy —Ds s
D13+ P+ Pse

(I.11)

D1+Py—Dy4
D, +P3— D3 s
Diat+ D3+ Pse

(1.12)

the sum of the three invariants in each triple of in-
variants, (1.8)~(I.12), being equal to the u1ntet D, +P,
+®3+ D, + 5. Hence the term ¢3/63'? is multiplied
by 15x2= 30 Addition of the three terms 20s/03/2,
—200304/03/%, and 3003/03'% gives the coefficient

2(1563— 100,030, +0%05)/05'?

of
RiR;R3R4Rs6COS (P + Dy + P33+ Dy + Ds¢)

in (3.1), and the coefficient R;R,R3R4Rs¢, which
corresponds to @, +P,+ D3+ D, + Ps¢, is self-ex-
planatory.
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